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Maths Lab: Wordings

Singapore Mathematics Olympiad
Senior Section 2010
Duration: 2h30

Important:

Answer All 35 questions.

Enter your answers on the answer sheet provided.

For the multiple choice questions, enter your answer on the answer sheet by shadding the bublle containing the letters
(A, B, C, D or E) corresponding to the correct answer.

For the other short questions, write your answer in answer sheet and shade the appropriate bubble below your answer.
No steps are needed to justify your answers.

Each question carries 1 mark.

No calculators are allowed.

Multiple Choice Questions

1
Find the value of (1 X2X3) + (2X4X6)+(3X6X9) + ... +(335X670x1005))/
(IX3X6)+(2%xX6X12)+ (B3x9I%x18) + ... + (335%1005%2010))
1 2 1 1 4
A—- B)- - O)- [E-
()3 ()3 ()6 ()2 ()9
2
b+c+d a+c+d a+b+d a+b+c
If a, b, c and d are real numbers such that = ) = = = r, find the value of r.
a ¢
A) 3 B) 1 ©) -1 O 3or1  (B)3or-1
3
n T a
If 0 < x < — and sin(x) — cos(x) = — and tan(x) + = , where 4, b and ¢ are positive integers, find the
2 4 tan(x) b—n°
valueof a+ b+ ¢.
(A)8 (B)32 (C)34 (D)48 (E)50
4

Find the value of\/ 147 +15° +16° + ... + 24 + 257 .
(A) 104 (B) 224 (C) 312 (D) 336 (E) 676
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In the figure below, ABC is an isosceles triangle inscribed in a circle with centre O and diameter AD, with AB=_A4C
intersects B C at E, and F is the midpoint of O E.

Given that BD is parallel to FCand BC =2 V5 cm, find the length of CD in cm.

B

Y

W mVe ©2y3  oVT ®2v6

Find the number of ordered pairs (x, y), where x is an integer and y is a perfect square, such that y = (x — 90)* — 4907.

@Wo - ®»1 ©2 D3 EH4

Let §={1,2,3,...,9, 10}. A non-empty subset of § is considered “Good” if the number of even integers in the
subset is more than or equal to the number of odd integers in the same subset.
For example, the subsets {4, 8}, {3, 4, 7, 8} and {1, 3, 6, 8, 10} are “Good”. How many subsets of § are “Good” ?

(A) 482 (B) 507 (C) 575 D) 637 (E) 667

If the graph of a quadratic function f(x)=ax?+ bx + ¢ (a £ 0) passes through two distinct points (r, £) and (s, £),
whatis f(r+s)?

(A) 2k ®) ¢ ©) k- D)2k-¢  (B)None of the above

Find the number of positive integers & < 100 such that 2 (3°”) + £(237*1) — 1 is divisible by 7 for any positive integer »

(A)10 (B)12 (C)13 (D) 14 (E) 16

10

Let ABCD be a trapezium with 4D parallel to BC and L A D C =90°, as shown in the figure below. Given that M is

13
the midpoint of AB with C M = Z cmand BC + C D+ D A= 17 cm, find the area of the trapezium ABCD in cm?.
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(A)26 (B)28 (C)30 (D)33 (E)35

Short Questions

1
The area of a rectangle remains unchanged when either its length is increased by 6 units and width decreased by 2
units, or its length decreased by 12 units and its width increased by 6 units.
If the perimeter of the original rectangle is x units, find the value of x .
12
Forr=1,2,3, ....)letu,=1+2+3+...+7r.
1 2 3 100
Find the value of + + +...+
1 1 1 1 1 1 1 1 1
— — +— —+— +— — et —
" ny o 3 ny o Hy o U3 ny o A3 7100
13
If 2010 = Mx10¥, where M is an integer not divisible by 10, find the value of &.
14
1 1 1 1
Ifa>b>1and + =4/ 1229 , find the value of - .
log (b)) log (a) log ,(b) log, (a)
15
For any real number x; let [x] denote the smallest integer that is greater than or equal to x and [x] denote the largest
LI[2010 | 2010
integer that is less than or equal to x (for example [1.23] =2 and | 1.23] = 1). Find the value of Z 7 - 7 .
i=1
16

010

e . 1 2 3
Letf(x):m.Fmd the value Off[ZOll]+f(2011)+f[2011J+

2010
+fl—1.
4 2011
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17
If @, b and ¢ are positive real numbers such that ab+a+b=bc+b+c=ca+ ¢+ a=35, find the value of
(a+1D)B+1)(c+1).
18
In the figure below, AB and CD are parallel chords of a circle with centre O and radius 7 cm. It is given that
AB=46cm,CD=18cmand L AOB=3XLCOD.
4‘ Find the value of r.
19
Find the number of ways that 2010 can be written as a sum of one or more positive integers in non-decreasing order
such that the difference between the last term and the first term is at most 1.
20
Find the largest possible value of 7 such that there exist # consecutive positive integers whose sum is equal to 2010.
21
Determine the number of pairs of positive integers 7 and 7 such that 1! + 21+ 31 + ... + 2! =»? .
22
C
The figure below shows a circle with diameter 4B . C and D are
points on the circle on the same side of 4B such that BD bisects L C B A. .
The chords AC and BD intersect at E . It is given that A E = 169 cm ’
and E C =119 cm. If E D = x cm, find the value of x .
23

Find the number of ordered pairs (7, #) of positive integers 7 and # such that 7 + » =190 and » and # are relatively
prime.
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24
9 25
Find the least possible value of f(x) = + , where x ranges over all real numbers for which
1+cos(2x) 1—cos(2x)
f(x) is defined.
25
Find the number of ways of arranging 13 identical blue balls and 5 identical red balls on a straight line such that
between any 2 red balls there is at least 1 blue ball.
26
Let §={1, 2, 3, 4, ..., 100000}. Find the least possible value of £ such that any subset .4 of § with [4] = 2010
contains two distinct numbers #z and b with |« — 4| < £&.
27
Find the number of ways of travellling from 4 to B, as shown in the figure below, if you are only allowed to walk east
or north along the grid, and avoiding all the 4 points marked x.
B North
L East
A
28
Two circles Cy and C, of radii 10 cm and 8 cm respectively are tangent to each other internally at a point A. AD is
the diameter of C; and P and M are points on Cyand C,respectively such that PM is tangent to C», as shown in the
figure below.
IfPM=+v20 cmand L P.AD = x°, find the value of x.
29

Let a, b and ¢ be integers with 2 > b > ¢ > 0. If b and ¢ are relatively prime, 4 + ¢ is a multiple of 4, and « + ¢ is a multiple
of b, determine the value of z b ¢ .
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30
Find the number of subsets {a, &, ¢} of {1, 2, 3, 4, ..., 20} such thata < b—1<¢— 3.
31
Let f(n) denote the number of 0'sin the decimal representation of the positive integer z For example,
f(10001123) =3 and f(1234567) = 0.
Let M= f(1)x2/D + f2)x2/@ + f(3)x2/G) + ... + £(99999)x2/999)
Find the value of M — 100000 .
32
Determine the odd prime number p such that the sum of digits of the number p* — 5 p? + 13 is the smallest possible.
33
The figure below shows a trapezium .4BCD in which AD// BC and BC =3 _AD . Fis the midpoint of AB and E
lies on BC extended that BC =3 C E.
the line segments EF and CD meet at the point G.
It is given that the area of triangle GCE is 15 cm? and the area of trapezium ABCD is & cm?.
Find the value of 4.
34
Let P(x)=ag+a;x+ap,x*>+...+a,x" be a polynomial in x where the coefficients @, a1, a,, ..., a, are non-
negative integers.
If P(1) =25 and P(27) = 1771769, find the value of 2y + 2 a1 +3a,+ ... + (n+ 1) a,.
35

Let three circles I', I', T 5 with centres A, A,, A5 and radii rq, 7, r3respectively be mutually tangent to each other
externally.

Suppose that the tangent to the circumcircle of the triangle .4 A, 45 at .45 and the two external common tnagents
of I' yand I' ymeet a common point P, as shown on the figure below.

Given that 7y = 18 cm, 7, = 8 cm and 3 = £ cm, find the value of 4.




